Abstract.
By realizing that the multilinear identities of degree n of a PIalgebra form a left ideal in the group algebra /•"[£"], it is possible sometimes to use the representation theory of the symmetric group Sn in the study of Tideals and PZ-algebras. In this note we demonstrate this method by proving: Theorem. // the codimensions of a Pi-algebra are bounded, then they are eventually bounded by 1. For basic definitions and notations, e.g., F[X], Vn, Qn, codimension sequence, etc. we refer the reader to [6] . The correspondence extends to an isomorphism Vn «s F [Sn ] , where F[Sn ] is the group algebra of Sn over F. We thus identify V" with F[S"]. If a G Sn andf(xx,. ..,x") G V" are given, we consider a and / as elements in the same group algebra Vn, so that the product a • / is well defined. One verifies that o -f(xx,...,x") = f(x"x,...,x0n).
It follows that for a T-ideal Q, Q" is a left (but generally not right) ideal of V".
Since in characteristic 0 the multilinear identities completely determine all the identities of a PZ-algebra, we shall assume charF = 0. It is well known that in this case Vn is completely reducible over itself [1, §15] . Let M be a (left) submodule of V". Define the length of M, l(M), to be the number of irreducible components in a direct decomposition of M, and define the colength l'(M) to be T(M) = l(Vn) -l(M), the length of a direct complement of M in Vn. By the Krull-Schmidt theorem, this is well denned. For a given Tideal Q, we thus obtain the sequence of colengths l'(Qn). Let us begin with a result from the representation theory of Sn. For any integer n > 0, it is well known that S" has exactly 2 irreducible representations of degree (dimension) 1, namely the unit and the sign representations. Denote by an the minimal dimension of a nonlinear representation of S". We prove Suppose X G Par(n), A # (n -1,1), (2, l"-2) and/x = n -1. B.T. implies then that [X]|s is irreducible, and the induction hypothesis for n -2 implies that [X]\s has a linear component, again contradiction Lemma 2.
Remark. One can define the next sequence of degrees of representations, etc., and try to compute or give an asymptotic estimate to them. This has been done by R. Rasala.
We will also need Proposition 3. Let Q be a T-ideal generated by polynomials of degree < d.
Let n J> d. Then Q"+i = TiQn) n vn+x.
Here TiQn) is the T-ideal generated by the polynomials of Qn.
Proof. Since char F = 0, we may assume that Q is generated by multilinear Since f(Mx,... ,Mr) is multilinear of degree n + 1 and n + 1 > d > r, it follows that at least one of the monomials Mt have degree at least 2. We may assume without loss of generality that Mx = M\ x"xn+x. Then f (M\xn,M2,...,Mr) G Qn, and we conclude again, that^M', xnxn+x, M2,..., Mr) G Qn+X. We are now going to prove the main theorem after a sequence of preliminary results.
In the following, {c"} is the sequence of codimensions for a T-ideal Q. By Proposition 3, we get Qn = C" for n > A, so cn = 1 for n > A.
To prove the main theorem we need only exclude that c" is eventually equal to 2. Aote. From the proof it follows that if c" < m for all n, then c" < 1 for n > w + 3. Also, for « sufficiently large, Q" = Vn or (9" = Cn, where
It is possible to combine information about codimensions with Proposition 1 to estimate the colength sequence. Using the technique of Lemma 4, it is easy to show Proposition 9. Let cn be the codimensions, l'n the colengths of a T-ideal. If cn < ik + l)n -k, where k > 0 is an integer, then T" < k + 2. In particular, if cn < n, then T" < 2.
Note. If cn < n for all n, then eventually either c" = n, c" = 1 or c" = 0. This follows from Proposition 1, Lemma 5 and the fact that, if ck = k -1 for some k > 5, then eventually cn = 0. (If ck = k -1, then Fuk C Qk.)
We conclude by giving two examples where c" < n.
1. Let fix) be a polynomial of degree 3 which is not an identity for the Grassmann algebra E. Q = F([ [x,y] ,z]) is the ideal of identities of E, [4] . Let P = F([[x,y], z],f). It was proved (unpublished) by the second author that cniP) < n.
2. Let Q = Ti[x,y] ■ z). Then cniQ) = n, [3] . In this case, l'n = 2 for all n > 2. 2. After finishing this paper, the authors learned from Professor D. S. Passmann that he is able to prove our main theorem for arbitrary characteristic, provided that the P/-algebra has an identity element. This approach to the problem is quite different from ours.
